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Abstract
In network communication where messages may be corrupted in transmission, one way to
verify the correctness of a given message is to arrange for nodes in the network to receive
the message multiple times. For example, in broadcasting (one-to-all communication) from a
given source node u, if a message sent by u is received by all other nodes at least k + 1
times, then each node can perform k checks against the original message to verify that it has
not been corrupted in transmission. Similar behavior would be useful for gossiping (all-to-all
communication) where information held in each node is to be communicated to all other nodes.
For an n-node network, we consider the problem of determining the minimum number of network
links required to support this k-fold veriability. We show that the minimum size (n; k) of
an n-vertex k-veriable broadcast scheme is given by (n; k) = (k + 2)(n − 1)=2. We also
show that the minimum size (n; k) of an n-vertex k-veriable gossip scheme satises (k + 4)
(n − 1)=2 − log2 n6(n; k)6(k + 4)n=2 − 4. The value for (n; k) and lower bound for
(n; k) yield lower bounds for the size of a k-fault tolerant broadcast and gossip scheme which
meet and improve, respectively, the previously known lower bounds for these schemes. ? 2002
Elsevier Science B.V. All rights reserved.
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1. Introduction
Reliability of message transmission is a critical issue in communication networks. As
communication networks grow in size, they become increasingly vulnerable to compo-
nent faults, such as link or node failures. Broadcasting and gossiping are fundamental
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tasks in network communication, and it becomes important to design reliable broadcast-
ing and gossiping schemes that work for networks as sparse as possible. An excellent
recent survey paper on fault-tolerant broadcasting and gossiping in communication net-
works is given in [8]. Other excellent accounts of the literature on broadcasting and
gossiping can be found in the surveys [3,5,6].
Even though a component in a communication network may not fail completely,
nevertheless a message may be corrupted when passing through this component. One
way to verify the correctness of a given message is to arrange for nodes in the net-
work to receive the message multiple times. For example, in broadcasting (one-to-all
communication) from a given source node u, if a message sent by u is received by
all other nodes at least k + 1 times, then each node can perform k checks against
the original message to verify that it has not been corrupted in transmission. Similar
behavior would be useful for gossiping (all-to-all communication) where information
originally held in each node is to be communicated to all other nodes. In gossiping, in
a communication step, all information held by each end node in the link is exchanged.
For an n-node network, we consider the problem of determining the minimum num-
ber of network links required to support this k-fold veriability for broadcasting and
gossiping.
Broadcast and gossip schemes are static protocols for transmission from a given
vertex u to every other vertex, and from every vertex to every other vertex, respectively,
where the transmissions are two-way and are performed in a specied order. The model
that we use for broadcast and gossip schemes is a multigraph G= (V; E) with a linear
ordering imposed on the edge set E that determines the order for edge transmissions.
In particular, a message from u to v must proceed along an increasing u–v trail, i.e.,
a u–v trail such that each edge of the trail diIerent from the initial edge is larger than
its predecessor. The ordered multigraph G is a broadcast scheme from u if there is
an increasing u–v trail for each v ∈ V − {v}. A gossip (total communication) scheme
requires that there is an increasing u–v trail for every pair of distinct vertices u; v ∈ V .
We observe that if v is to receive k + 1 copies of a message from u, then there must
exist at least k+1 increasing u–v trails no two of which have the same terminal edge.
This observation leads us to say that a broadcast scheme (respectively, gossip scheme)
is k-veri5able if this latter property holds for each v ∈ V − {u} (respectively, for
each pair u; v ∈ V of distinct vertices). Note that a k-fault tolerant broadcast or gossip
scheme is necessarily k-veriable.
We say that a broadcast scheme from u is strongly k-veriable if it is k-veriable,
and u also receives k copies of the message, i.e., there are k closed increasing u–u
trails in addition to the trivial u–u trail. Let (n; k) and ˆ(n; k) denote the minimum
sizes of an n-vertex k-veriable broadcast scheme and strongly k-veriable broadcast
scheme, respectively. In this paper we show that (n; k) = (k + 2)(n − 1)=2 and
ˆ(n; k) = (k + 2)n=2 − 1.
We say that a gossip scheme is strongly k-veriable if it is k-veriable, and each
vertex u receives k copies of each message, i.e., there are k closed increasing u–u
trails in addition to the trivial u–u trail. Let (n; k) and ˆ(n; k) denote the minimum
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sizes of an n-vertex k-veriable and strongly k-veriable gossip scheme, respectively.
The gossip problem (or telephone problem), which was proposed by A. Boyd and
solved by a number of authors, is equivalent to nding (n; k) (ˆ(n; k)) for k = 0.
It is well known that (n; 0) = ˆ(n; 0) = 2n − 4 (see [2,7,9]). In this paper we show
that (k + 4)(n − 1)=2 − log2 n6(n; k)6(k + 4)n=2 − 4. We also show that
(k + 4)n=2 − log2 n − 26ˆ(n; k)6(k + 4)n=2 − 4.
A broadcast (gossip) scheme is k-fault-tolerant if it remains a broadcast
(gossip) scheme after the deletion of any k edges. Clearly, the minimum sizes (n; k)
and (n; k) of an n-vertex k-fault tolerant broadcast and gossip scheme, respectively,
satisfy (n; k)6(n; k) and (n; k)6(n; k). Since, for k6n − 2, we can exhibit a
k-fault-tolerant broadcast scheme having size (n; k), it follows that (n; k) = (n; k)
yielding the formula for (n; k) given in [1]. Bounds for (n; k) were given by Berman
and Hawrylycz in [1]. An improvement to the upper bound given in [1] was given
in [4]. Our formula for (n; k) yields an improvement to the lower bound for (n; k)
given in [1].
2. k-veriable broadcast schemes
We extend the notion of a k-veriable broadcast scheme to an f-veriable broadcast
scheme for f a mapping from V to the nonnegative integers as follows. An f-veri5able
broadcast scheme is an ordered multigraph that, for each v ∈ V , contains f(v) + 1
increasing u-v trails no two of which have the same terminal edge. Note that G is
k-veriable if G is f-veriable, where f(v) = k; v ∈ V −{u} and f(u) = 0, otherwise,
and that G is strongly k-veriable if G is f-veriable, where f is the constant function
equal to k. For H a subgraph of G, let dH (v) denote the degree of vertex v in H , and
let cH (v) denote the codegree of vertex v in H , i.e., cH (v) = dG(v)− dH (v).
Theorem 2.1. Let G = (V; E) be a multigraph and let u ∈ V . Then there is lin-
ear ordering of the edges of G; such that the resulting ordered multigraph has an
f-veri5able broadcast scheme from u if; and only if; G contains a spanning tree T
whose codegree at each vertex v ∈ V is at least f(v).
Proof. First suppose that G has a linear ordering of the edges such that for each vertex
v ∈ V , there exist f(v) + 1 increasing u–v trails having distinct terminal edges. Let,
ev denote the smallest edge incident with vertex v that is the terminal edge of some
increasing u–v trail. Then the set of edges ev; v ∈ V − {u}, forms a spanning tree T .
Further ev is the only edge incident with v belonging to the tree T that lies in a u–v
trail. Since, there exist f(v) + 1 increasing u–v trails no two of which have the same
terminal edge incident with v, it follows that at least f(v) edges incident with u and
not belonging to T lie in a u–v-trail. Hence, cT (v)¿f(v).
Conversely, suppose T contains a spanning tree such that cT (v)¿f(v). We assign
a linear ordering L of the edges of G as follows. Order the edges of T such that, for
296 K.A. Berman, J.L. Paul / Discrete Applied Mathematics 118 (2002) 293–298
each vertex v ∈ V , the (unique) u–v path in T is an increasing path. Then, arbitrarily
order the edges not in T so that they are all larger than any edge in T . With respect
to this linear ordering there exist f(v) + 1 increasing u–v trails with distinct terminal
edges for each v ∈ V .
Corollary 2.1. The minimum sizes (n; k) and ˆ(n; k) of an n-vertex k-veri5able and
strongly k-veri5able broadcast scheme; respectively; are given by
(n; k) = ((k + 2)(n− 1)=2;
ˆ(n; k) = (k + 2)n=2 − 1:
Proof. By Theorem 2.1, a minimum size n-vertex k-veriable broadcast scheme G
from u decomposes into a spanning tree T and a subgraph R that spans all the vertices
but u, where R is k-regular if k(n− 1) is even and near k-regular, i.e., all but one of
vertices have degree k and the remaining vertex has degree k + 1, if k(n− 1) is odd.
It follows that G has size n− 1+ k(n− 1)=2, verifying the formula for (n; k) given
in the Corollary 2.1. A similar argument veries the formula for ˆ(n; k).
Corollary 2.2. The minimum size (n; k) of an n-vertex k-fault-tolerant broadcast
scheme is given by
(n; k) =
{ (k + 2)(n− 1)=2 if k6n− 2;
(k + 1)n=2 if k¿n− 2:
Proof. We need to show that (n; k) = max{(k + 2)(n − 1)=2; (k + 1)n=2}. If
k6n−2, then (n; k)¿(n; k)= (k+2)(n−1)=2. On the other, if k¿n−2; G must
have degree at least k + 1 at every vertex v ∈ V , so that (n; k)¿(k + 1)n=2. This
establishes the lower bound. It is not diLcult to exhibit ordered multigraphs showing
that this lower bound is sharp (see [1]).
3. k-veriable gossip schemes
Theorem 3.2. The minimum sizes (n; k) and ˆ(n; k) of a n-vertex k-veri5able and
strongly k-veri5able gossip scheme; respectively; satisfy
(k + 4)(n− 1)=2 − log2 n6(n; k)6(k + 4)n=2 − 4;
(k + 4)n=2 − log2 n − 26ˆ(n; k)6(k + 4)n=2 − 4:
Proof. To obtain the upper bound result, consider the gossip scheme G = (V; E) con-
sisting of a minimal gossip scheme M on V of size 2n−4, together with a multigraph
R on V , where R is k-regular if nk is even and near k-regular if nk is odd. Order the
edges of R in any way such that they are all larger than any edges of M . Clearly, G
is strongly k-veriable and has size (k + 4)n=2 − 4.
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We prove the lower bound results with the aid of the following lemma. For G an
ordered multigraph and u a vertex of G, the u-broadcast number of G is the number
of vertices v diIerent from u that receive v’s information, i.e., for which there exist an
increasing u–v trail. The broadcast number of G is the minimum u-broadcast number
over all vertices u of G.
Lemma 3.1. The maximum broadcast number t(n) of an ordered tree on n vertices
is given by
t(n) = log2 n:
Proof. Let T be an ordered tree on n vertices whose broadcast number equals t(n).
Let, xy be the largest edge of T , and let Tx and Ty be the two trees obtained from T by
removing edge xy with x in Tx and y in Ty. We may assume without loss of generality
that Tx is the smaller (or equal) size tree. Then Tx has at most n=2 vertices, so that
its broadcast number is at most t(n=2). Since e is the largest edge in T , y is the
only vertex of Ty that can be reached by an increasing trail with initial vertex in Tx.
It follows that t(n)6t(n=2) + 1. Since t(1) = 0, we obtain t(n)6log2 n.
To obtain the lower bound result, we recursively construct an ordered rooted tree
Tn as follows. T1 is the trivial tree on one vertex and T2 is the tree on two vertices,
with either vertex designated the root. Tn is constructed by joining (with an edge) the
root vertex x of a copy of Tn=2 to the root vertex y of a copy of Tn=2. The edges
are ordered so that xy is the largest edge and the relative order of the edges in both
Tn=2 and Tn=2 are preserved. By induction we can easily verify that the broadcast
number of Tn is log2 n.
We are now ready to prove Theorem 3.2. Suppose G is a k-veriable (strongly
k-veriable) gossip scheme, and let H denote the subgraph consisting of the smallest
n − 1 edges. It is easily veried that at least one component of H must be a tree T .
By Lemma 3.1, we can choose a vertex u of T such that the u-broadcast number of T
is at most log2 n. It follows that at most log2 n edges of H belong to an increasing
trail with initial vertex u. Let, H ′ denote the set of edges of H that do not belong to an
increasing trail with initial vertex u. Then, H ′ has at least n−1−log2 n edges. If G is a
k-veriable (strongly k-veriable) gossip scheme then G−H ′ is a k-veriable (strongly
k-veriable) broadcast scheme from u, so that G−H ′ has size at least (n; k) (at least
ˆ(n; k)). Hence G has size at least 2n−2+(n; k)−log2 n (2n−2+ˆ(n; k)−log2 n).
Theorem 3.2 now follows immediately from Corollary 2.1.
The following corollary, which improves the bound given for (n; k) in [1], is an
immediate consequence of Theorem 3.2.
Corollary 3.3. The minimum size (n; k) of an n-vertex k-fault-tolerant gossip scheme
satis5es
(n; k)¿(n; k)¿2n− 2 + k(n− 1)=2 − log2 n:
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In [1] a k-fault-tolerant gossip scheme was exhibited having size (k+3=2)(n−1),
yielding (n; k)6(k + 3=2)(n− 1), and it was conjectured that for k¿1,
(n; k) = (k + 32)n− c;
where c is bounded as n goes to innity.
We conjecture that (n; k)= ˆ(n; k)= (k +4)n=2− 4, whose proof would settle the
previous conjecture for k = 1.
References
[1] K.A. Berman, M. Hawrylycz, Telephone problems with failures, SIAM J. Algebraic Discrete Methods 7
(1986) 13–17.
[2] R.T. Bumby, R. Shostah, Gossips and telephones, Discrete Math. 2 (1972) 191–193.
[3] F. Fraigniaud, E. Lazard, Methods and problems of communication in usual networks, Discrete Appl.
Math. 53 (1994) 79–133.
[4] R.W. Haddad, S. Roy, A.A. SchOaIer, On gossing with faulty telephone lines, SIAM J. Algebraic Discrete
Methods 8 (1987) 439–445.
[5] S.M. Hedetniemi, S.T. Hedetniemi, A.L. Liestman, A survey of gossiping and broadcasting in
communication networks, Networks 18 (1988) 319–349.
[6] J. HromkoviPc, R. Klasing, B. Monien, R. Peine, Dissemination of information in interconnection networks
(broadcasting and gossiping), in: F. Hsu, D.-Z. Du (Eds.), Combinatorial Network Theory, Kluwer
Academic Publishers, Dordrecht, 1995, pp. 125–212.
[7] D.J. Kleitman, J.B. Shearer, Further gossip problems, Discrete Math. 30 (1980) 151–156.
[8] A. Pelc, Fault-tolerant broadcasting and gossiping in communication networks, Networks 28 (1996)
143–156.
[9] D.B. West, Introduction to Graph Theory, Prentice-Hall, London, 1996.
